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STUDY OF SEMI-LINEAR σ-EVOLUTION EQUATIONS WITH FRICTIONAL
AND VISCO-ELASTIC DAMPING
HIRONORI MICHIHISA AND TUAN ANH DAO˚
Abstract. In this article, we study semi-linear σ-evolution equations with double damping in-
cluding frictional and visco-elastic damping for any σ ě 1. We are interested in investigating not
only higher order asymptotic expansions of solutions but also diffusion phenomenon in the Lp´Lq
framework, with 1 ď p ď q ď 8, to the corresponding linear equations. By assuming additional
Lm regularity on the initial data, with m P r1, 2q, we prove the global (in time) existence of small
data energy solutions and indicate the large time behavior of the global obtained solutions as well
to semi-linear equations. Moreover, we also determine the so-called critical exponent when σ is
integers.
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1. Introduction and main results
In this paper, let us consider the following Cauchy problem for semi-linear σ-evolution equations
with frictional and visco-elastic damping terms:#
utt ` p´∆q
σu` ut ` p´∆q
σut “ |u|
p,
up0, xq “ u0pxq, utp0, xq “ u1pxq,
(1)
where σ ě 1 and a given real number p ą 1. The corresponding linear equation with vanishing
right-hand side is #
utt ` p´∆q
σu` ut ` p´∆q
σut “ 0,
up0, xq “ u0pxq, utp0, xq “ u1pxq.
(2)
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At first, let us recall some recent results concerning the study of typical important problems of (1)
and (2) with σ “ 1, the so-called wave equations with frictional damping and visco-elastic damping.
Of special interest are the following Cauchy problems:#
utt ´∆u` ut ´∆ut “ |u|
p,
up0, xq “ u0pxq, utp0, xq “ u1pxq.
(3)
Namely, in [14] the authors derived the asymptotic profile of the solutions in the L2 setting to the
corresponding linear equations of (3) by assuming weighted L1,1 initial data from the energy space.
In comparison with the two types of damping terms, they analyzed the interesting properties which
tell us that the effect of the frictional damping is really more dominant than that of the visco-
elastic one, the so-called strong damping (see, for example, [12, 16]), by the study of asymptotic
profile as t Ñ 8. In addition, the higher order (up to the first order) asymptotic profiles of the
solutions to the linear corresponding equations of (3) were discussed in the space dimension n “ 1
only. Quite recently, the authors in [13] have succeeded in obtaining some higher order (greater
than the second order) asymptotic expansions of the solutions to this linear equation under more
heavy moment conditions on the initial data for any space dimensions by applying Taylor expansion
theorem effectively (see more [17, 18, 20]). For the treatment of the semi-linear equations (3), in
[1] some obtained energy estimates combined with L1 ´ L1 estimates come into play to prove the
global (in time) solutions for any space dimensions. Moreover, taking into consideration the effect
of the two damping types as mentioned in [14] to the corresponding linear problem the authors in
[15] pointed out again this effect which is still true for the semi-linear problems (3). In particular,
they indicated that the critical exponent pcrit “ 1`
2
n
coincides with the so-called Fujita exponent
which is well-known to be the critical exponent for the semi-linear heat equations and the semi-
linear classical damped wave equations as well with nonlinearity term |u|p. Besides, not only the
existence of the global solutions to (3) has been investigated but also the large time behavior of
the obtained global solutions has been established in low space dimensions in [15].
Hence, related to the more general cases of (1) and (2) with σ ě 1, a natural question is whether
or not the frictional damping is still more dominant than the visco-elastic one for any σ ě 1 as it
happened for the case σ “ 1. One of the main goals of this paper is to give a positive answer to
this question. More recently, the authors in [6, 7] have studied the following Cauchy problem for
structurally damped σ-evolution equations (see also [3, 4, 8]):#
utt ` p´∆q
σu` p´∆qδut “ 0,
up0, xq “ u0pxq, utp0, xq “ u1pxq.
(4)
From the point of view of decay estimates, they emphasized that the properties of the solutions
change completely from the case δ “ 0, corresponding to the frictional damping, to the case δ “ σ,
corresponding to the visco-elastic damping. More in detail, they proposed to distinguish between
“parabolic like models” in the former case (see [5, 9] for the classical damped wave equations in the
case σ “ 1) and “σ-evolution like models” in the latter case, the so-called “hyperbolic like models”
or “wave like models” in the case σ “ 1 (see [5, 10]). Roughly speaking, the asymptotic profile of
the solutions to (4) with δ “ 0, as t Ñ 8, is same as that of the following anomalous diffusion
equations:
vt ` p´∆q
σv “ 0, vp0, xq “ v0pxq, (5)
for a suitable choice of data v0 (see, for instance, [3, 8]). Meanwhile, for the case δ “ σ this
phenomenon is no longer true, that is, some kind of wave structure appears and oscillations come
into play from the asymptotic profile of the solutions to (4). Furthermore, compared with the
regularity of the initial data we can see that a smoothing effect appears for some derivatives of
the solutions to (4) with respect to the time variable (see [7]) in the latter case. This brings
some benefits in treament of the corresponding semi-linear equations. Otherwise, in the former
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case this effect does not happen (see [6]). In the connection between the two types of damping
terms appearing in (2), the asymptotic profile of the solutions inherits both these above mentioned
properties of the two kind of models to give new results. For this reason, the second main goal
of the present paper is to conclude a diffusion phenomenon not only in the L2 ´ L2 theory (see
more [8, 9]) but also in the Lp ´ Lq framework (see also [2, 19]), where 1 ď p ď q ď 8. Moreover,
we also establish some higher order asymptotic expansions of the difference between the solutions
to (2) and those to (5) by developing several techniques in [13]. In order to explain these results
more precisely, one knows that these results come from estimates for small-frequency part of the
solutions to (2) whose profile is modified by the presence of the fractional damping, whereas their
large-frequency profile is modified by the presence of the visco-elastic damping. Our third main
goal of this paper is to prove the global (in time) existence of small data energy solutions to (1) and
analyze the large time behavior of these global solutions as well by mixing additional Lm regularity
for the data with m P r1, 2q. Finally, when σ is integers, a blow-up result is shown to find the
critical exponent pcrit “ 1`
2σ
n
.
1.1. Notations. Throughout the present paper, we use the following notations.
‚ We write f À g when there exists a constant C ą 0 such that f ď Cg, and f « g when g À f À g.
‚ We denote fˆpt, ξq :“ FxÑξ
`
fpt, xq
˘
as the Fourier transform with respect to the space variable
of a function fpt, xq. As usual, Ha and 9Ha, with a ě 0, denote Bessel and Riesz potential spaces
based on L2 spaces. Here
〈
D
〉a
and |D|a stand for the pseudo-differential operators with symbols〈
ξ
〉a
and |ξ|a, respectively.
‚ For any γ ą 0, the weighted spaces L1,γpRnq are defined by
L1,γpRnq :“
!
f P L1pRnq such that }f}L1,γ :“
ż
Rn
p1` |x|qγfpxq dx ă `8
)
.
‚ For any s P R, we denote rss` :“ maxts, 0u as its positive part, and rss :“ max
 
k P Z : k ď s
(
as its integer part.
‚ We denote N0 :“ NY t0u.
‚ For later convenience, we put
Gσpt, xq :“ F
´1
`
e´t|ξ|
2σ˘
pxq,
and denote the following two quantities:
P0 :“
ż
Rn
u0pxqdx and P1 :“
ż
Rn
u1pxqdx.
‚ Let χp|ξ|q be C80 pR
nq a smooth cut-off function equal to 1 for small |ξ| and vanishing for large |ξ|.
We decompose a function fpt, xq into two parts localized separately at low and high frequencies
as follows:
fpt, xq “ flowpt, xq ` fhighpt, xq,
where we denote
flowpt, xq “ F
´1
`
χp|ξ|qfˆpt, ξq
˘
and fhighpt, xq “ F
´1
´`
1´ χp|ξ|q
˘
fˆpt, ξq
¯
.
‚ Applying the Fourier transform to (2) we have#
uˆtt ` |ξ|
2σuˆ` uˆt ` |ξ|
2σuˆt “ 0,
uˆp0, ξq “xu0pξq, uˆtp0, ξq “xu1pξq. (6)
The characteristic equation of (6) is
λ2 ` p1` |ξ|2σqλ` |ξ|2σ “ 0. (7)
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The solution to (7) can be given by
λ˘ “
´p1` |ξ|2σq ˘
a
p1` |ξ|2σq2 ´ 4|ξ|2σ
2
“
´p1` |ξ|2σq ˘
ˇˇ
1´ |ξ|2σ
ˇˇ
2
,
i.e., #
λ` “ ´|ξ|
2σ, λ´ “ ´1 if |ξ| ď 1,
λ` “ ´1, λ´ “ ´|ξ|
2σ if |ξ| ě 1.
So we explicitly write down the solution formula in the Fourier space as follows:
uˆpt, ξq “
1
1´ |ξ|2σ
e´t|ξ|
2σ`xu0pξq `xu1pξq˘ ´ 1
1´ |ξ|2σ
e´t
`
|ξ|2σxu0pξq `xu1pξq˘ (8)
“
e´t|ξ|
2σ
´ |ξ|2σe´t
1´ |ξ|2σ
xu0pξq ` e´t|ξ|2σ ´ e´t
1´ |ξ|2σ
xu1pξq (9)
“
1
|ξ|2σ ´ 1
e´t
`
|ξ|2σxu0pξq `xu1pξq˘´ 1
|ξ|2σ ´ 1
e´t|ξ|
2σ`xu0pξq `xu1pξq˘. (10)
Note that tξ P Rn : |ξ| “ 1u is not a singular set. Indeed, we can give an equivalent formula:
uˆpt, ξq “ e´txu0pξq ` ˆe´t ż t
0
e´sp|ξ|
2σ´1q ds
˙
pxu0pξq `xu1pξqq. (11)
‚ For purpose of this paper, we write v0 :“ u0 ` u1. So we fix the initial data v0 “ u0 ` u1 to (5).
1.2. Main results. Let us state the main results that will be proved in this paper.
At first, we indicate higher order asymptotic expansions of the solutions to (2) with weighted
initial data.
Theorem 1.1. Let n ě 1 and u0, u1 P L
1,γpRnq X L2pRnq with γ ě 0. Take k P N0 satisfying
λpkq ď γ ă λpk ` 1q. Then, the function u defined by (8)-(11) satisfies››uˆpt, ξq ´Aσ,v0k pξqe´t|ξ|2σ››L2 À t´ n4σ´ γ2σ `}v0}L1,γ ` }u0}L1XL2 ` }u1}L1XL2˘, t ě 1. (12)
Here, we introduce Aσ,v0k pξq as in the expression (25) (see Definition 2.2). Furthermore, it holds
lim
tÑ8
t
n
4σ
` γ
2σ
››uˆpt, ξq ´Aσ,v0k pξqe´t|ξ|2σ››L2 “ 0. (13)
The second result is concerned with the diffusion phenomenon in the Lp ´ Lq framework with
1 ď p ď q ď 8 to (2).
Theorem 1.2. Let 1 ď p ď q ď 8. Let u be the solution to (2) and let v be the solution to (5).
Then, for large t ě 1 we have the following Lp ´ Lq estimate:››Bjt |D|a`ulowpt, ¨q ´ vlowpt, ¨q˘››Lq À p1` tq´ n2σ p 1p´ 1q q´ a2σ´j´1`}u0}Lp ` }u1}Lp˘,
for all a ě 0, j “ 0, 1 and for all space dimensions n ě 1.
The third result contains the global (in time) existence of small data energy solutions to (1).
Theorem 1.3. Let m P r1, 2q. We assume the conditions
2
m
ď p ă 8 if n ď 2σ, (14)
2
m
ď p ď
n
n´ 2σ
if n P
´
2σ,
4σ
2´m
ı
. (15)
Moreover, we suppose the following condition:
p ą 1`
2mσ
n
. (16)
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Then, there exists a constant ε ą 0 such that for any small data
pu0, u1q P A
σ
m :“ pL
m XHσq ˆ pLm X L2q satisfying the assumption }pu0, u1q}Aσm ď ε,
we have a uniquely determined global (in time) small data energy solution
u P Cpr0,8q,Hσq X C1pr0,8q, L2q
to (1). The following estimates hold:
}upt, ¨q}L2 À p1` tq
´ n
2σ
p 1
m
´ 1
2
q}pu0, u1q}Aσm ,››|D|σupt, ¨q››
L2
À p1` tq´
n
2σ
p 1
m
´ 1
2
q´ 1
2 }pu0, u1q}Aσm ,
}utpt, ¨q}L2 À p1` tq
´ n
2σ
p 1
m
´ 1
2
q´1}pu0, u1q}Aσm .
Next, we obtain the large time behavior of the global solutions to (1).
Theorem 1.4. Under the assumptions of Theorem 1.3 with m “ 1, the global (in time) small data
energy solutions to (1) satisfy the following estimate:››Bjt |D|kσ`upt, ¨q ´M Gσpt, ¨q˘››L2 “ o`t´ n4σ´ k2´j˘, (17)
for j, k “ 0, 1 and pj, kq ‰ p1, 1q. Here, we denote the quantity
M :“
ż
Rn
`
u0pyq ` u1pyq
˘
dy `
ż 8
0
ż
Rn
|upτ, yq|pdydτ.
Finally, we obtain the blow-up result to (1).
Theorem 1.5. Let σ ě 1 be an integer. We assume the initial data u0 “ 0 and u1 P L
1 X L2
satisfying the following relation:
lim inf
RÝÑ8
ż
|x|ăR
u1pxqdx ą 0. (18)
Moreover, we suppose the condition
1 ă p ď 1`
2σ
n
. (19)
Then, there is no global (in time) energy solution to (1). In other words, we have only local (in
time) energy solutions to (1), that is, there exists Tε ă 8 such that
lim
tÑTε´0
}pu, utq}HσˆL2 “ `8.
Remark 1.1. If we choose m “ 1 into Theorem 1.3, then from Theorem 1.5 it is clear to see that
the exponent p given by p “ ppn, σq “ 1` 2σ
n
is really critical.
The structure of this paper is organized as follows: Section 2 is devoted to estimates for
the solutions to (2). In particular, we present some pLm X L2q ´ L2 and L2 ´ L2 estimates for
the solutions with m P r1, 2q, give the proof of higher order asymptotic expansions of the solutions
with weighted initial data, and prove the diffusion phenomenon in the Lp ´ Lq framework with
1 ď p ď q ď 8 to (2) in Sections 2.1, 2.2 and 2.3, respectively. We prove the global (in time)
existence of small data energy solutions to (1) in Section 3.1, and derive their large time behavior
in Section 3.2. Finally, in Section 4, we show the blow-up result and find the critical exponent as
well.
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2. Estimates for the solutions of the linear Cauchy problem
2.1. Lm X L2 ´ L2 and L2 ´ L2 estimates.
Proposition 2.1. Let m P r1, 2q. Then, the Sobolev solutions to (2) satisfy the pLm X L2q ´ L2
estimates ››Bjt |D|aupt, ¨q››L2 À p1` tq´ n2σ p 1m´ 12 q´ a2σ´j`}u0}LmXHa ` }u1}LmXHra`2pj´1qσs` ˘,
and the L2 ´ L2 estimates››Bjt |D|aupt, ¨q››L2 À p1` tq´ a2σ´j`}u0}Ha ` }u1}Hra`2pj´1qσs`˘,
for any a ě 0, j “ 0, 1 and for all space dimensions n ě 1.
Proof. To derive pLmXL2q´L2 estimates, our strategy is to control L2 norm of the low-frequency
part of the solution by Lm norm of the data, whereas its high-frequency part is estimated by using
L2 ´ L2 estimates with a suitable regularity of the data u0 and u1.
We shall divide our considerations into two steps. In the first step, let us devote to estimates for
low frequencies. We denote m1 as a conjugate number of m, this is, 1
m
` 1
m1
“ 1 and m0 satisfying
1
m0
“ 1
m
´ 1
2
. By (8), using the formula of Parseval-Plancherel and Ho¨lder’s inequality leads to››Bjt |D|aulowpt, ¨q››L2 “ ››|ξ|aBjt pupt, ξqχp|ξ|q››L2
ď
›››p´1qj |ξ|a`2jσe´t|ξ|2σ
1´ |ξ|2σ
`xu0pξq `xu1pξq˘χp|ξ|q›››
L2
`
›››p´1qj`1|ξ|ae´t
1´ |ξ|2σ
`
|ξ|2σxu0pξq `xu1pξq˘χp|ξ|q›››
L2
À
››› |ξ|a`2jσe´t|ξ|2σχp|ξ|q
1´ |ξ|2σ
›››
Lm0
}xu0 `xu1}Lm1 (20)
` e´t
››› |ξ|a`2σχp|ξ|q
1´ |ξ|2σ
›››
Lm0
}xu0}Lm1 ` e´t ››› |ξ|aχp|ξ|q1´ |ξ|2σ ›››Lm0 }xu1}Lm1 . (21)
For the sake of Young-Hausdorff inequality, we can control }xu0 `xu1}Lm1 , }xu0}Lm1 and }xu1}Lm1 by
}u0 ` u1}Lm , }u0}Lm and }u1}Lm, respectively. Hence, we only have to estimate L
m0 norm of the
multipliers. It is clear to see that the last two Lm0 norms are bounded. Taking account of the first
Lm0 norm, we apply Lemma 4.1 to obtain immediately the following estimate:››› |ξ|a`2jσe´t|ξ|2σχp|ξ|q
1´ |ξ|2σ
›››
Lm0
À
››|ξ|a`2jσe´t|ξ|2σχp|ξ|q››
Lm0
À p1` tq´
n
2σ
p 1
m
´ 1
2
q´ a
2σ
´j. (22)
Therefore, from (20) to (22) we arrive at››Bjt |D|aulowpt, ¨q››L2 À p1` tq´ n2σ p 1m´ 12 q´ a2σ´j}u0 ` u1}Lm ` e´t `}u0}Lm ` }u1}Lm˘. (23)
Next, let us turn to estimate the solution and some of its derivatives to (2) for large frequencies.
Thanks to (10), we apply again the formula of Parseval-Plancherel and use a suitable regularity of
the data u0 and u1 to find the following estimate:››Bjt |D|auhighpt, ¨q››L2 À e´t`}u0}Ha ` }u1}Hra´2σs`˘` e´t}u0 ` u1}Hra`2pj´1qσs` . (24)
From (23) and (24) we may conclude all the desired estimates. Summarizing, the proof of Propo-
sition 2.1 is completed. 
Remark 2.1. Here we want to underline that the exponential decay e´t appearing in the proof of
Proposition 2.1 is better than the potential decay. Since we have in mind that the characteristic
roots λ˘ are negative in the middle zone |ξ| P
 
ε, 1
ε
(
with a sufficiently small positive ε, the
corresponding estimates yield an exponential decay in this zone, too.
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2.2. Asymptotic profile and higher order asymptotic expansions. In this subsection we
obtain higher order asymptotic expansions of the solution to (2) in the Fourier space (see Theo-
rem 1.1). It is necessary to analyze the solution formulas (8)-(11) in the low-frequency region. In
order to state Lemma 2.1, which is a key to derive Theorem 1.1, we prepare the following notation
and definition.
For f P L1,γpRnq, we put
Mαpfq :“
p´1q|α|
α!
ż
Rn
xαfpxq dx, |α| ď rγs.
Definition 2.1. For 0 ă σ P R, set S :“ t2σℓ ` j : ℓ, j P N0u. We define the following function
inductively:
λpkq :“
#
minS “ 0 for k “ 0,
minSztλpjq : 0 ď j ď k ´ 1u for k P N.
Remark 2.2. (1) Now we deal with the case of σ ě 1 and thus it holds that
λpkq “ k, k “ 0, 1, 2.
(2) Since N0 Ă S, it holds that 0 ă λpk ` 1q ´ λpkq ď 1 for all k P N0.
Definition 2.2. Let σ ě 1 and k P N0. We define
A
σ,v0
k pξq :“
ÿ
0ď2σℓ`jďλpkq
¨˝
|ξ|2σℓ
ÿ
|α|“j
Mαpv0qpiξq
α‚˛. (25)
The sum
ÿ
0ď2σℓ`jďλpkq
is taken over all ℓ, j P N0 satisfying 0 ď 2σℓ` j ď λpkq.
Remark 2.3. (1) The function (25) itself can be defined for v0 P L
1,γpRnq with γ ě rλpkqs. For
later necessarity, it suffices to consider (25) for v0 P L
1,γpRnq with γ ě λpkq.
(2) Recall Remark 2.2 to confirm
A
σ,v0
0 pξq “M0pv0q, A
σ,v0
1 pξq “
ÿ
|α|ď1
Mαpv0qpiξq
α,
A
σ,v0
2 pξq “
$’’’’&’’’’%
ÿ
|α|ď2
Mαpv0qpiξq
α if σ ą 1,
|ξ|2M0pv0q `
ÿ
|α|ď2
Mαpv0qpiξq
α if σ “ 1.
We can easily see that the difference between the heat flow and equation (2) will come out first
in the k-th order expansion Aσ,v0k with k ď σ ă k`1. However, it seems difficult to write down
A
σ,v0
k for large k P N0. In [13], the case of σ “ 1 was completely investigated.
Lemma 2.1. Let n ě 1 and v0 P L
1,γpRnq with γ ě 0. For this γ, there exists a unique number
k P N0 satisfying λpkq ď γ ă λpk ` 1q. Then, it holds thatˇˇ
F σ,v0pξq ´Aσ,v0k pξq
ˇˇ
À |ξ|γ}v0}L1,γ (26)
for ξ P Rn with |ξ| ď 1{2.
Proof. For given γ ě 0, we can find k P N0 satisfying λpkq ď γ ă λpk ` 1q. In this setting we have
rγs “ rλpkqs.
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If not, then there exists an integer b P N such that λpkq ă b ď γ ă λpk ` 1q. All natural numbers
are included in tλpjq : j P N0u and so this is a contradiction.
It follows that
F σ,v0pξq “
¨˝
rλpkqsÿ
ℓ“0
|ξ|2σℓ `
|ξ|2σprλpkqs`1q
1´ |ξ|2σ
‚˛$&%
rλpkqsÿ
j“0
ÿ
|α|“j
Mαpv0qpiξq
α `
¨˝
pv0 ´ ÿ
|α|ďrγs
Mαpv0qpiξq
α‚˛,.-
“
¨˝
rλpkqsÿ
ℓ“0
|ξ|2σℓ‚˛
¨˝
rλpkqsÿ
j“0
ÿ
|α|“j
Mαpv0qpiξq
α‚˛
`
¨˝
rλpkqsÿ
ℓ“0
|ξ|2σℓ‚˛
¨˝
pv0 ´ ÿ
|α|ďrγs
Mαpv0qpiξq
α‚˛` |ξ|2σprγs`1q
1´ |ξ|2σ
pv0.
From (86), we see thatˇˇˇˇ
ˇˇ
¨˝
rλpkqsÿ
ℓ“0
|ξ|2σℓ‚˛
¨˝
pv0 ´ ÿ
|α|ďrγs
Mαpv0qpiξq
α ‚˛ˇˇˇˇˇˇ À |ξ|γ}v0}L1,γ
for ξ P Rn with |ξ| ď 1{2. Since
2σprγs ` 1q ą γ,
one easily sees that ˇˇˇˇ
ˇ |ξ|2σprγs`1q1´ |ξ|2σ pv0
ˇˇˇˇ
ˇ À |ξ|γ}v0}L1
for ξ P Rn with |ξ| ď 1{2. Thus, we arrive atˇˇˇˇ
ˇˇF σ,v0pξq ´
¨˝
rλpkqsÿ
ℓ“0
|ξ|2σℓ‚˛
¨˝
rλpkqsÿ
j“0
ÿ
|α|“j
Mαpv0qpiξq
α ‚˛ˇˇˇˇˇˇ À |ξ|γ}v0}L1,γ ` |ξ|2σprγs`1q}v0}L1
À |ξ|γ}v0}L1,γ
for ξ P Rn with |ξ| ď 1{2. If rλpkqs “ 0, i.e., k “ 0, then¨˝
rλpkqsÿ
ℓ“0
|ξ|2σℓ‚˛
¨˝
rλpkqsÿ
j“0
ÿ
|α|“j
Mαpv0qpiξq
α‚˛“M0pv0q “ Aσ,v00 pξq.
So in this case we obtain the lemma. On the other hand, if rλpkqs ě 1, we have
λpkq ă p2σ ` 1qrλpkqs P S.
Hence, it follows that¨˝
rλpkqsÿ
ℓ“0
|ξ|2σℓ‚˛
¨˝
rλpkqsÿ
j“0
ÿ
|α|“j
Mαpv0qpiξq
α‚˛
“
ÿ
0ď2σℓ`jďλpkq,
0ďjďrλpkqs
¨˝
|ξ|2σℓ
ÿ
|α|“j
Mαpv0qpiξq
α‚˛` ÿ
λpkqă2σℓ`jďp2σ`1qrλpkqs,
0ďjďrλpkqs
¨˝
|ξ|2σℓ
ÿ
|α|“j
Mαpv0qpiξq
α‚˛
“ Aσ,v0k pξq `
ÿ
λpk`1qď2σℓ`jďp2σ`1qrλpkqs,
0ďjďrγs
¨˝
|ξ|2σℓ
ÿ
|α|“j
Mαpv0qpiξq
α‚˛.
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Thus, it holdsˇˇˇˇ
ˇˇˇˇ ÿ
λpk`1qď2σℓ`jďp2σ`1qrλpkqs,
0ďjďrγs
¨˝
|ξ|2σℓ
ÿ
|α|“j
Mαpv0qpiξq
α‚˛
ˇˇˇˇ
ˇˇˇˇ À |ξ|λpk`1q}v0}L1,rγs À |ξ|γ}v0}L1,rγs
for ξ P Rn with |ξ| ď 1{2. Therefore, we obtain (26). 
Proof of Theorem 1.1. It follows from Lemma 2.1 with Lemma 4.1 that››F σ,v0pξqe´t|ξ|2σ ´Aσ,v0k pξqe´t|ξ|2σ››L2p|ξ|ď1{2q À p1` tq´ n4σ´ γ2σ }v0}L1,γ , t ě 0,
which implies››uˆpt, ξq ´Aσ,v0k pξqe´t|ξ|2σ››L2p|ξ|ď1{2q À p1` tq´ n4σ´ γ2σ p}v0}L1,γ ` }u0}L1 ` }u1}L1q, t ě 0, (27)
We employ (11) to derive
|uˆpt, ξq| À e´t|xu0pξq| ` te´tp|xu0pξq| ` |xu1pξq|q
for t ě 0 and ξ P Rn with |ξ| ě 1{2. We can easily see thatˇˇ
A
σ,v0
k pξqe
´t|ξ|2σ
ˇˇ
À |ξ|λpkq exp
ˆ
´
|ξ|2σ
2
˙
exp
ˆ
´
t
22σ`1
˙
}v0}L1,rγs
for t ě 1 and ξ P Rn with |ξ| ě 1{2. Thus, there exists a constant c P p0, 2´p2σ`1qs such that››uˆpt, ξq ´Aσ,v0k pξqe´t|ξ|2σ››L2p|ξ|ě1{2q À e´ct`}u0}L2 ` }u1}L2 ` }v0}L1,rγs˘, t ě 1. (28)
Inequalities (27) and (28) give (12).
By (87), we can also obtain (13). See the corresponding proof in [13] and details are left to the
reader. 
Recalling (12) in Theorem 1.1 with γ “ 1 we can obtain the following corollary since››››››
ÿ
|α|“1
Mαpv0qpiξq
αe´t|ξ|
2σ
››››››
L2
À t´
n
4σ
´ 1
2σ }v0}L1,1 , t ą 0.
Corollary 2.1. Let n ě 1 and u be the function defined by (8)-(11). If u0, u1 P L
1,1pRnqXL2pRnq,
it holds ››upt, ¨q ´ pP0 ` P1qGσpt, ¨q››L2 À t´ n4σ´ 12σ `}u0}L1,1XL2 ` }u1}L1,1XL2˘, t ě 1.
We may conclude the following optimal result at the end of this subsection.
Corollary 2.2. Let n ě 1 and u be the function defined by (8)-(11). If u0, u1 P L
1pRnq XL2pRnq,
it holds
C1p|P0 ` P1|qt
´ n
4σ ď }upt, ¨q}L2 ď C2t
´ n
4σ
`
}u0}L1XL2 ` }u1}L1XL2
˘
, t ě 1.
Here, C1 ą 0 and C2 ą 0 are constants independent of t and the initial data.
Proof. The second inequality can be easily given with the aid of (8)-(11) or (12) with γ “ 0. So
we confirm the first inequality. To do so, it suffices to consider the case that P0 ` P1 ­“ 0. In this
situation one has
}upt, ¨q}2 ě }upt, ξq}L2p|ξ|ď1{2q
ě |P0 ` P1|}e
´t|ξ|2σ}L2p|ξ|ď1{2q ´ opt
´ n
4σ q
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as tÑ8. Here, we used (13) with γ “ 0, that is,
lim
tÑ8
t
n
4σ
››uˆpt, ξq ´ pP0 ` P1qe´t|ξ|2σ››L2p|ξ|ď1{2q “ 0.
For t ě 1, we have
}e´t|ξ|
2σ
}L2p|ξ|ď1{2q “ t
´ n
4σ
˜ż
|η|ďt
1
2σ {2
e´2|η|
2σ
dη
¸ 1
2
ě
˜ż
|η|ď1{2
e´2|η|
2σ
dη
¸ 1
2
t´
n
4σ
and thus the corollary is obtained. 
2.3. Diffusion phenomenon in the Lp ´ Lq framework. In this section, we shall discuss a
relation between the solutions to (2) and to the anomalous diffusion equation (5). Clearly, if we
consider the power σ “ 1, then it corresponds to the classical heat equation. Let pu0, u1q be given
data to (2). If we can find an appropriate data v0 to (5) such that the difference of the corresponding
solutions upt, ¨q ´ vpt, ¨q possesses a decay rate as tÑ8 in a suitable norm, then one says that the
asymptotic behavior of both the solutions is the same for large time. This effect is the so-called
diffusion phenomenon.
The application of partial Fourier transform to (5) leads to#
vˆt ` |ξ|
2σ vˆ “ 0,
vˆp0, ξq “ pv0pξq. (29)
Hence, the solution to (29) is written by the formula
vˆpt, ξq “ e´t|ξ|
2σ pv0pξq. (30)
Recalling the abbreviation Gσpt, xq gives
vpt, xq “ Gσpt, xq ˚x v0pxq. (31)
Because of the presence of the frictional damping term in (2), considering large frequencies |ξ| and
large time t we can conclude some exponential decay estimates for the solutions to (2) as we derived
(24). Moreover, it holds that we may arrive at an exponential decay for the solutions to (5) for
large frequencies |ξ| and for large times t. This means that the difference between the solutions to
(2) and (5) decays. Hence, the obtained decay rate of the difference is optimal. For this reason, it
is suitable to focus our attentions on estimates for the difference localized to small frequencies.
Our approach to prove Theorem 1.2 is based on applying the following two auxiliary results. The
first one is a result for radial convolution kernels.
Lemma 2.2 (Lemma 3.1 in [2]). Let Kpt, xq be a radial convolution kernel of the form
Kpt, xq ˚pxq hpxq :“ F
´1
`
fp|ξ|q e´gp|ξ|qt hˆpξq
˘
,
with compactly supported h, where f and g satisfy the following conditions:ˇˇ
f pkqpρq
ˇˇ
À ρα´k,ˇˇ
gpkqpρq
ˇˇ
À ρ´kgpρq,
gpρq « ρβ,
for some α ą ´1, β ą 0 and k ď rpn ` 3q{2s. Then, it holds
}Klowpt, ¨q ˚pxq h}Lq À p1` tq
´n
β
p 1
p
´ 1
q
q´α
β }h}Lp ,
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provided that for any$’&’%
1 ď p ď q ď 8 if α ą 0 or f is a nonzero constant,
1 ď p ă q ď 8 if α “ 0 and f is not constant,
1 ď p ď q ď 8 if ´ 1 ă α ă 0 such that 1
p
´ 1
q
ě ´α
n
.
The second result is related to Lr estimates for multipliers.
Lemma 2.3. Let n ě 1 and r P r1,8s. Then, for all a ą 0 it holds
K :“ F´1
´ |ξ|a
1´ |ξ|2σ
χp|ξ|q
¯
P Lr. (32)
Proof. First it is clear to see that K P L8. For this reason, in order to prove K P Lr for all
r P r1,8s, we only indicate K P L1 and apply an interpolation argument. Indeed, we shall split
our considerations into two cases. In the first case of |x| ď 1, it is obvious to conclude the desired
statement. Let us devote to the second case of |x| ě 1. Because the function in the parenthesis
in (32) is radially symmetric with respect to ξ, the inverse Fourier transform is radially symmetric
with respect to x, too. Applying the modified Bessel functions from Proposition 4.3 we obtain
Kpxq “ c
ż 8
0
ra
1´ r2σ
χprqrn´1J˜n
2
´1pr|x|qdr. (33)
Let us consider odd spatial dimensions n “ 2m` 1, m ě 1. Introducing the vector field Xfprq :“
d
dr
`
1
r
fprq
˘
and carrying out m` 1 steps of partial integration we derive
Kpxq “ ´
c
|x|n
ż 8
0
Br
´
Xm
´ 1
1´ r2σ
χprqra`2m
¯¯
sinpr|x|qdr. (34)
A straightforward computation gives
Kpxq “
mÿ
j“0
j`1ÿ
k“0
cjk
|x|n
ż 8
0
Bj`1´kr
´ 1
1´ r2σ
¯
χpkqprqra`j sinpr|x|qdr
`
mÿ
j“0
jÿ
k“0
cjk
|x|n
ż 8
0
Bj´kr
´ 1
1´ r2σ
¯
χpk`1qprqra`j sinpr|x|qdr
`
mÿ
j“1
jÿ
k“0
cjk
|x|n
ż 8
0
Bj´kr
´ 1
1´ r2σ
¯
χpkqprqra`j´1 sinpr|x|qdr
with some constants cjk. Hence, it is reasonable to estimate the integrals
Kj,kpxq :“
ż 8
0
Bj`1´kr
´ 1
1´ r2σ
¯
χpkqprqra`j sinpr|x|qdr. (35)
For k ě 1, due to the fact that for all l ě 0ˇˇˇ
Blr
´ 1
1´ r2σ
¯ˇˇˇ
ď Cl
on the support of the derivatives of χ, we perform one more step of partial integration to get
Kj,kpxq| À |x|
´pn`1q. (36)
For k “ 0, because of the small values of r, we arrive atˇˇˇ
Blr
´ 1
1´ r2σ
¯ˇˇˇ
À
#
1 if l “ 0,
r2σ´l if l ě 1,
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on the support of χprq. Consequently, it deduces for small r and j “ 0, ¨ ¨ ¨ ,m the estimatesˇˇˇ
Bj`1r
´ 1
1´ r2σ
¯
χprqra`j
ˇˇˇ
À ra`2σ´1
on the support of χprq. By dividing the integral (35) into two parts, on the one hand, we haveˇˇˇ ż pi
2|x|
0
Bj`1r
´ 1
1´ r2σ
¯
χprqra`j sinpr|x|qdr
ˇˇˇ
À
1
|x|a`2σ
. (37)
On the other hand, after carrying out one more step of partial integration in the remaining integral
we can proceed as follows:ˇˇˇ ż 8
pi
2|x|
Bj`1r
´ 1
1´ r2σ
¯
χprqra`j sinpr|x|qdr
ˇˇˇ
À
1
|x|
ˇˇˇ
Bj`1r
´ 1
1´ r2σ
¯
χprqra`j cospr|x|q
ˇˇˇ8
r“ pi
2|x|
`
1
|x|
ż 8
pi
2|x|
ˇˇˇ
Br
´
Bj`1r
´ 1
1´ r2σ
¯
χprqra`j
¯
cospr|x|q
ˇˇˇ
dr À
1
|x|
ż 1
pi
2|x|
ra`2σ´2 dr À
1
|x|
. (38)
Here we notice that for all j “ 0, ¨ ¨ ¨ ,m and for small |ξ| it holdsˇˇˇ
Br
´
Bj`1r
´ 1
1´ r2σ
¯
χprqra`j
¯ˇˇˇ
À ra`2σ´2.
From (34) to (38) we have produced term |x|´pn`1q which guarantees the L1 property in x. There-
fore, we may conclude K P L1 for all n “ 2m` 1.
Let us consider even spatial dimensions n “ 2m, m ě 1. After carrying out m´ 1 steps of partial
integration we derive
Kpxq “
c
|x|2m´2
ż 8
0
Xm´1
´ 1
1´ r2σ
χprqra`2m´1
¯
J˜0pr|x|qdr
“
m´1ÿ
j“0
cj
|x|2m´2
ż 8
0
Bjr
´ 1
1´ r2σ
χprqra
¯
rj`1J˜0pr|x|qdr “:
m´1ÿ
j“0
cjKjpxq. (39)
Using the first rule of the modified Bessel functions for µ “ 1 and the fifth rule for µ “ 0 from
Proposition 4.3, after two more steps of partial integration we arrive at
K0pxq “ ´
1
|x|n
ż 1
0
Br
´
Br
´ 1
1´ r2σ
χprqra
¯
r
¯
J˜0pr|x|qdr. (40)
Due to small r, it implies the following inequality:ˇˇˇ
Br
´
Br
´ 1
1´ r2σ
χprqra
¯
r
¯ˇˇˇ
À ra´1
on the support of χprq. By the aid of the estimates |J˜0psq| ď C for s P r0, 1s, and |J˜0psq| ď Cs
´ 1
2
for s ą 1, we get ˇˇˇ ż 1
|x|
0
Br
´
Br
´ 1
1´ r2σ
χprqra
¯
r
¯
J˜0pr|x|qdr
ˇˇˇ
À
ż 1
|x|
0
ra´1dr À
1
|x|a
, (41)
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and ˇˇˇ ż 1
1
|x|
Br
´
Br
´ 1
1´ r2σ
χprqra
¯
r
¯
J˜0pr|x|qdr
ˇˇˇ
À
1
|x|
1
2
ż 1
1
|x|
ra´
3
2dr À
$&%
1
|x|
1
2
´
1` 1
|x|a´
1
2
¯
if a ‰ 1
2
1
|x|
1
2
logp|x|q if a “ 1
2
À
1
|x|ε
, (42)
with a sufficiently small positive constant ε, respectively. As a result, from (40) to (42) we obtain
K0 P L
1. Let j P r1,m ´ 1s be an integer. By applying again the first rule of the modified Bessel
functions for µ “ 1 and the fifth rule for µ “ 0 from Proposition 4.3 and carrying out partial
integration we can re-write Kjpxq in (39) as follows:
Kjpxq “ ´
1
|x|2m
ż 8
0
Br
´
Bj`1r
´ 1
1´ r2σ
χprqra
¯
rj`1
¯
J˜0pr|x|qdr
´
j
|x|2m
ż 8
0
Br
´
Bjr
´ 1
1´ r2σ
χprqra
¯
rj
¯
J˜0pr|x|qdr.
Repeating an analogous treatment as we did for K0 “ K0pxq we derive Kj P L
1 for j “ 1, ¨ ¨ ¨ ,m´1.
Therefore, we may conclude the desired estimate K P L1 for all n “ 2m. Summarizing, this
completes the proof of Lemma 2.3. 
Proof of Theorem 1.2. Thanks to the solution formulas (8) and (30), we obtain››Bjt |D|a`ulowpt, ¨q ´ vlowpt, ¨q˘››Lq “ ››F´1`|ξ|aBjt `uˆpt, ξq ´ vˆpt, ξq˘χp|ξ|q˘››Lq
À e´t
›››F´1´ |ξ|a`2σ
1´ |ξ|2σ
χp|ξ|qxu0p|ξ|q ` |ξ|a
1´ |ξ|2σ
χp|ξ|qxu1p|ξ|q¯›››
Lq
(43)
`
›››F´1´e´t|ξ|2σ |ξ|a`2pj`1qσ
1´ |ξ|2σ
χp|ξ|q
`xu0p|ξ|q `xu1p|ξ|q˘¯›››
Lq
. (44)
Applying Young’s convolution inequality and Lemma 2.3 we can proceed (43) as follows:
e´t
›››F´1´ |ξ|a`2σ
1´ |ξ|2σ
χp|ξ|qxu0p|ξ|q¯›››
Lq
À e´t
›››F´1´ |ξ|a`2σ
1´ |ξ|2σ
χp|ξ|q
¯›››
Lr1
}u0}Lp À e
´t}u0}Lp , (45)
where r1 P r1,8s fulfills
1
r1
` 1
p
“ 1` 1
q
, and
e´t
›››F´1´ |ξ|a
1´ |ξ|2σ
χp|ξ|qxu1p|ξ|q¯›››
Lq
À
$&%e
´t
›››F´1´ |ξ|a1´|ξ|2σχp|ξ|q¯›››Lr1 }u1}Lp if a ą 0
e´t
›››F´1´ |ξ|ε1´|ξ|2σχp|ξ|q¯›››Lr2 ››|ξ|´εu1››Lp˚ if a “ 0
À e´t}u1}Lp , (46)
where ε is a sufficiently small positive constant and r2 P r1,8s satisfies 1 `
1
q
“ 1
r2
` 1
p˚
. Here we
used the property of the normalized Riez potential in Remark 2.4 below. In order to control (44),
we re-write
1
1´ |ξ|2σ
“
8ÿ
k“0
|ξ|2kσ
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due to the small value of |ξ|. Hence, using Lemma 2.2 we arrive at the following estimate:›››F´1´e´t|ξ|2σ |ξ|a`2pj`1qσ
1´ |ξ|2σ
χp|ξ|q
`xu0p|ξ|q `xu1p|ξ|q˘¯›››
Lq
À
8ÿ
k“0
›››F´1´|ξ|a`2pk`j`1qσe´t|ξ|2σχp|ξ|q`xu0p|ξ|q `xu1p|ξ|q˘¯›››
Lq
À
8ÿ
k“0
p1` tq´
n
2σ
p 1
p
´ 1
q
q´ a
2σ
´pk`j`1q}u0 ` u1}Lp À p1` tq
´ n
2σ
p 1
p
´ 1
q
q´ a
2σ
´j´1}u0 ` u1}Lp (47)
for large t. Therefore, from (43) to (47) we may conclude the desired estimates. This completes
the proof of Theorem 1.2. 
Remark 2.4. Here we want to underline that in the proof of (46) we used the property of the
normalized Riez potential (see more Remark 2.1 in [2])
Iεfpxq :“ F
´1
`
|ξ|´εfˆpξq
˘
“ Cn,ε
ż
Rn
fpyq
|x´ y|n´ε
dy,
where ε P p0, nq. In particular, if f P Lp for some p P
`
1, n
ε
˘
, then the following properties hold:
Iεf P L
p˚ and }Iεf}Lp˚ À }f}Lp, where
1
p
´
1
p˚
“
ε
n
.
3. Treatment of the corresponding semi-linear model
3.1. Global (in time) existence of the solution.
Proof of Theorem 1.3. We choose introduce the solution space
Xptq :“ Cpr0, ts,Hσq X C1pr0, ts, L2q,
with the norm
}u}Xptq :“ sup
0ďτďt
´
p1` τq
n
2σ
p 1
m
´ 1
2
q}upτ, ¨q}L2 ` p1` τq
n
2σ
p 1
m
´ 1
2
q` 1
2
››|D|σupτ, ¨q››
L2
` p1` τq
n
2σ
p 1
m
´ 1
2
q`1}utpτ, ¨q}L2
¯
.
By recalling the fundamental solutions from (9), we can write the solutions of the corresponding
linear Cauchy problems with vanishing right-hand sides to (1) as follows:
ulnpt, xq “ K0pt, xq ˚x u0pxq `K1pt, xq ˚x u1pxq,
where
K0pt, xq :“ F
´1
´e´t|ξ|2σ ´ |ξ|2σe´t
1´ |ξ|2σ
¯
and K1pt, xq :“ F
´1
´e´t|ξ|2σ ´ e´t
1´ |ξ|2σ
¯
.
Using Duhamel’s principle we get the formal implicit representation of the solutions to (1) in the
following form:
upt, xq “ ulnpt, xq `
ż t
0
K1pt´ τ, xq ˚x |upτ, xq|
pdτ “: ulnpt, xq ` unlpt, xq.
We define for all t ą 0 the operator N : u P Xptq ÝÑ Nu P Xptq by
Nupt, xq “ ulnpt, xq ` unlpt, xq.
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We will show that the operator N fulfills the following two inequalities:
}Nu}Xptq À }pu0, u1q}Aσm ` }u}
p
Xptq, (48)
}Nu´Nv}Xptq À }u´ v}Xptq
`
}u}p´1
Xptq ` }v}
p´1
Xptq
˘
. (49)
After that, applying Banach’s fixed point theorem we gain local (in time) existence results of large
data solutions and global (in time) existence results of small data solutions as well.
From the definition of the norm in Xptq, by plugging a “ 0, a “ σ and j “ 0, 1 into the statements
from Proposition 2.1 we arrive at ››uln››
Xptq
À }pu0, u1q}Aσm . (50)
Thus, it is reasonable to indicate the following inequality instead of (48):
}unl}Xptq À }u}
p
Xptq. (51)
At the first stage, let us prove the inequality (51). In order to deal with some estimates for unl,
we use the pLm X L2q ´ L2 estimates if τ P r0, t{2s and the L2 ´ L2 estimates if τ P rt{2, ts from
Proposition 2.1. As a result, we derive the following estimates for k “ 0, 1:››|D|kσunlpt, ¨q››
L2
À
ż t{2
0
p1` t´ τq´
n
2σ
p 1
m
´ 1
2
q´ k
2
››|upτ, ¨q|p››
LmXL2
dτ
`
ż t
t{2
p1` t´ τq´
k
2
››|upτ, ¨q|p››
L2
dτ.
Hence, it is clear to estimate |upτ, xq|p in Lm X L2 and L2. Namely, we can proceed as follows:››|upτ, ¨q|p››
LmXL2
À }upτ, ¨q}pLmp ` }upτ, ¨q}
p
L2p
and
››|upτ, ¨q|p››
L2
“ }upτ, ¨q}p
L2p
.
By applying the fractional Gagliardo-Nirenberg inequality from Proposition 4.1 we obtain››|upτ, ¨q|p››
LmXL2
À p1` τq´
n
2mσ
pp´1q}u}p
Xpτq, (52)››|upτ, ¨q|p››
L2
À p1` τq´
n
2mσ
pp´m
2
q}u}p
Xpτq, (53)
provided that the conditions (14) and (15) are satisfied. Consequently, we arrive at››|D|kσunlpt, ¨q››
L2
À p1` tq´
n
2σ
p 1
m
´ 1
2
q´ k
2 }u}p
Xptq
ż t{2
0
p1` τq´
n
2mσ
pp´1qdτ
` p1` tq´
n
2mσ
pp´m
2
q}u}p
Xptq
ż t
t{2
p1` t´ τq´
k
2 dτ.
Here we notice that p1 ` t ´ τq « p1 ` tq if τ P r0, t{2s and p1 ` τq « p1 ` tq if τ P rt{2, ts. Since
the condition (16) holds, it is equivalent to ´ n
2mσ
pp ´ 1q ă ´1. Moreover, it is clear to see that
´k
2
ą ´1 for k “ 0, 1. Therefore, we get
p1` tq´
n
2σ
p 1
m
´ 1
2
q´ k
2
ż t{2
0
p1` τq´
n
2mσ
pp´1qdτ À p1` tq´
n
2σ
p 1
m
´ 1
2
q´ k
2 ,
and
p1` tq´
n
2mσ
pp´m
2
q
ż t
t{2
p1` t´ τq´
k
2 dτ À p1` tq´
n
2mσ
pp´m
2
q`1´ k
2 À p1` tq´
n
2σ
p 1
m
´ 1
2
q´ k
2 . (54)
From both the above estimates we may conclude››|D|kσunlpt, ¨q››
L2
À p1` tq´
n
2σ
p 1
m
´ 1
2
q´ k
2 }u}p
Xptq
,
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for k “ 0, 1. In the similar way we also derive the following estimate:
››Btunlpt, ¨q››L2 À p1` tq´ n2σ p 1m´ 12 q´1}u}pXptq ż t{2
0
p1` τq´
n
2mσ
pp´1qdτ
` p1` tq´
n
2mσ
pp´m
2
q}u}p
Xptq
ż t
t{2
p1` t´ τq´1dτ.
It is obvious that the first integral will be handled as before. For this reason, we only need to
estimate the second one. In particular, we have
p1` tq´
n
2mσ
pp´m
2
q
ż t
t{2
p1` t´ τq´1dτ À p1` tq´
n
2mσ
pp´m
2
q logp1` tq
À p1` tq´
n
2mσ
pp´m
2
q`ε À p1` tq´
n
2σ
p 1
m
´ 1
2
q´1. (55)
Here because of ´ n
2mσ
pp ´ 1q ă ´1, we choose a sufficiently small positive number ε satisfying
ε ă ´1` n
2mσ
pp´ 1q. Therefore, we arrive at››Btunlpt, ¨q››L2 À p1` tq´ n2σ p 1m´ 12 q´1}u}pXptq.
From the definition of the norm in Xptq, we may conclude immediately the inequality (51).
Next, let us prove the inequality (49). Taking account of two elements u and v from Xptq, we get
Nupt, xq ´Nvpt, xq “ unlpt, xq ´ vnlpt, xq.
Using again the pLm X L2q ´ L2 estimates if τ P r0, t{2s and the L2 ´ L2 estimates if τ P rt{2, ts
from Proposition 2.1, we obtain the following estimates:
››|D|kσpunl ´ vnlqpt, ¨q››
L2
À
ż t{2
0
p1` t´ τq´
n
2σ
p 1
m
´ 1
2
q´ k
2
››|upτ, ¨q|p ´ vpτ, ¨q|p››
LmXL2
dτ
`
ż t
t{2
p1` t´ τq´
k
2
››|upτ, ¨q|p ´ vpτ, ¨q|p››
L2
dτ,
and ››Btpunl ´ vnlqpt, ¨q››L2 À ż t{2
0
p1` t´ τq´
n
2σ
p 1
m
´ 1
2
q´1
››|upτ, ¨q|p ´ vpτ, ¨q|p››
LmXL2
dτ
`
ż t
t{2
p1` t´ τq´1
››|upτ, ¨q|p ´ vpτ, ¨q|p››
L2
dτ.
Applying Ho¨lder’s inequality leads to››|upτ, ¨q|p ´ |vpτ, ¨q|p››
L2
À }upτ, ¨q ´ vpτ, ¨q}L2p
`
}upτ, ¨q}p´1
L2p
` }vpτ, ¨q}p´1
L2p
˘
,››|upτ, ¨q|p ´ |vpτ, ¨q|p››
Lm
À }upτ, ¨q ´ vpτ, ¨q}Lmp
`
}upτ, ¨q}p´1Lmp ` }vpτ, ¨q}
p´1
Lmp
˘
.
Analogously to the proof of (51), we employ the fractional Gagliardo-Nirenberg inequality from
Proposition 4.1 to the terms
}upτ, ¨q ´ vpτ, ¨q}Lη , }upτ, ¨q}Lη , }vpτ, ¨q}Lη
with η “ 2p or η “ mp to conclude the inequality (49). Summarizing, the proof of Theorem 1.3 is
completed. 
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3.2. Large time behavior of the global solution. In order to prove Theorem 1.4, we need
some auxiliary estimates as follows:
Proposition 3.1. The Sobolev solutions to (2) satisfy the following estimate for j, k “ 0, 1 and
pj, kq ‰ p1, 1q:››Bjt |D|kσ`upt, ¨q ´ pP0 ` P1qGσpt, ¨q˘››L2 À p1` tq´ n4σ´ k2´j´ 12σ `}u0}L1,1XHσ ` }u1}L1,1XL2˘,
for large t ě 1 and for all space dimensions n ě 1.
Proof. Following the proof of Corollary 2.1 with a minor modification we can conclude the proof
of Proposition 3.1. 
Proposition 3.2. The Sobolev solutions to (2) satisfy the following estimate for large t ě 1:››Bjt |D|a`upt, ¨q ´ vpt, ¨q˘››L2 À t´ n4σ´ a2σ´j´1}pu0, u1q}L1 ` e´t`}u0}Ha ` }u1}Hra´2σs`˘, (56)
for any a ě 0, j “ 0, 1 and for all space dimensions n ě 1.
Proof. For small frequencies, we can repeat exactly the same way as we did in the proof of Theorem
1.2 to derive››Bjt |D|a`ulowpt, ¨q ´ vlowpt, ¨q˘››L2 À p1` tq´ n4σ´ a2σ´j´1}pu0, u1q}L1 ` e´t}pu0, u1q}L2 .
Taking account of large frequencies we can proceed as follows:››Bjt |D|a`uhighpt, ¨q ´ vhighpt, ¨q˘››L2
À e´t
››› |ξ|a`2σ
|ξ|2σ ´ 1
`
1´ χp|ξ|q
˘xu0p|ξ|q ` |ξ|a
|ξ|2σ ´ 1
`
1´ χp|ξ|q
˘xu1p|ξ|q›››
L2
`
›››e´t|ξ|2σ |ξ|a`2pj`1qσ
|ξ|2σ ´ 1
`
1´ χp|ξ|q
˘`xu0p|ξ|q `xu1p|ξ|q˘›››
L2
(57)
À e´t
››|ξ|axu0p|ξ|q ` |ξ|ra´2σs`xu1p|ξ|q››L2
`
››e´t|ξ|2σ |ξ|a`2pj`1qσ`1´ χp|ξ|q˘››
L2
}xu0 `xu1}L8 (58)
À e´t
`
}u0}Ha ` }u1}Hra´2σs`
˘
` t´
n
4σ
´ a
2σ
´j´1}pu0, u1q}L1 (59)
Here we notice that we used Parseval-Plancherel formula in (57). Moreover, for the second term
in (58) and (59) we applied Ho¨lder’s inequality and Lemma 4.1 combined with Young-Hausdorff
inequality, respectively. Therefore, from the above estimates we may conclude the desired statement
what we wanted to prove. 
Proposition 3.3. The Sobolev solutions to (2) satisfy the following estimate for large t ě 1:››Bjt |D|avpt, ¨q››L2 À t´ n4σ´ a2σ´j}pu0, u1q}L1 , (60)
for any a ě 0, j “ 0, 1 and for all space dimensions n ě 1. Moreover, the following estimate holds
for any t ą 0: ››Bjt |D|aGσpt, ¨q››L2 À t´ n4σ´ a2σ´j , (61)
for any a ě 0, j “ 0, 1 and for all space dimensions n ě 1.
Proof. To derive (60), we repeat some arguments as we did in the proof of the second term in (59).
By the aid of Parseval-Plancherel formula and a change of variables when needed, we may conclude
the proof of (61). Hence, this completes the proof of Proposition 3.3. 
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Proof of Theorem 1.4. Thanks to the statement in Proposition 3.1, we only indicate the following
estimate in place of (17):›››Bjt |D|kσ´ ż t
0
K1pt´ τ, xq ˚x |upτ, xq|
pdτ´
´ ż 8
0
ż
Rn
|up, τ, yq|pdydτ
¯
Gσpt, xq
¯›››
L2
“ o
`
t´
n
4σ
´ k
2
´j
˘
,
by recalling the presentation of the solutions upt, xq “ ulnpt, xq`unlpt, xq to (1) as in Theorem 1.3.
Due to the fact that K1p0, xq ˚x |upt, xq|
p “ 0, we can re-write the above estimate in the equivalent
form ››› ż t
0
Bjt |D|
kσ
`
K1pt´ τ, xq ˚x |upτ, xq|
p
˘
dτ´
´ż 8
0
ż
Rn
|upτ, yq|pdydτ
¯
Bjt |D|
kσGσpt, xq
›››
L2
“ o
`
t´
n
4σ
´ k
2
´j
˘
. (62)
Now we shall separate the left-hand side term of (62) in L2 norm into five sub-terms as follows:ż t
0
Bjt |D|
kσ
`
K1pt´ τ, xq ˚x |upτ, xq|
p
˘
dτ ´
´ż 8
0
ż
Rn
|upτ, yq|pdydτ
¯
Bjt |D|
kσGσpt, xq
“
ż t{2
0
Bjt |D|
kσ
´`
K1pt´ τ, xq ´Gσpt´ τ, ¨q
˘
˚x |upτ, xq|
p
¯
dτ
`
ż t
t{2
Bjt |D|
kσ
`
K1pt´ τ, xq ˚x |upτ, xq|
p
˘
dτ
`
ż t{2
0
Bjt |D|
kσ
´`
Gσpt´ τ, xq ´Gσpt, xq
˘
˚x |upτ, xq|
p
¯
dτ
`
ż t{2
0
Bjt |D|
kσ
´
Gσpt, xq ˚x |upτ, xq|
p ´
´ż
Rn
|upτ, yq|pdy
¯
Gσpt, xq
¯
dτ
´
´ ż 8
t{2
ż
Rn
|upτ, yq|pdydτ
¯
Bjt |D|
kσGσpt, xq
“: I1pt, xq ` I2pt, xq ` I3pt, xq ` I4pt, xq ´ I5pt, xq. (63)
At first, let us estimate I1pt, xq. Namely, applying the statement (56) leads to
}I1pt, ¨q}L2 À
ż t{2
0
›››Bjt |D|kσ´`K1pt´ τ, xq ´Gσpt´ τ, ¨q˘ ˚x |upτ, xq|p¯›››
L2
dτ
À
ż t{2
0
pt´ τq´
n
4σ
´ k
2
´j´1
››|upτ, ¨q|p››
L1
dτ `
ż t{2
0
e´pt´τq
››|upτ, ¨q|p››
L2
dτ
À t´
n
4σ
´ k
2
´j´1
ż t{2
0
p1` τq´
n
2σ
pp´1qdτ ` e´t{2
ż t{2
0
p1` τq´
n
2σ
pp´ 1
2
qdτ (64)
À t´
n
4σ
´ k
2
´j´1 ` e´t{2 À t´
n
4σ
´ k
2
´j´1. (65)
Here we used (52), (53) and the relation t´τ « t if τ P r0, t{2s in (64). Moreover, in order to derive
(65) we notice that the condition (16) implies the integrability of both the above integrals. In the
second step, taking account of I2pt, xq we repeat exactly the arguments as we did in the proofs of
(54) and (55) to obtain
}I2pt, ¨q}L2 À p1` tq
´ n
4σ
´ k
2
´j´ε (66)
where ε is a sufficiently small positive satisfying 2ε ă ´1` n
2σ
pp´ 1q. To control I3pt, xq, by using
the mean value theorem on t we get the following representation:
Gσpt´ τ, xq ´Gσpt, xq “ ´τ BtGσpt´ ω1τ, xq
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with a constant ω1 P r0, 1s. Hence, we can proceed as follows:
}I3pt, ¨q}L2 À
ż t{2
0
›››Bjt |D|kσ´`Gσpt´ τ, xq ´Gσpt, xq˘ ˚x |upτ, xq|p¯›››
L2
dτ
À
ż t{2
0
τ
››Bj`1t |D|kσ`Gσpt´ ω1τ, xq ˚x |upτ, xq|p˘››L2dτ
Employing (60) gives
}I3pt, ¨q}L2 À
ż t{2
0
τ pt´ ω1τq
´ n
4σ
´ a
2σ
´j´1
››|upτ, ¨q|p››
L1
dτ
À t´
n
4σ
´ a
2σ
´j´1
ż t{2
0
τ p1` τq´
n
2σ
pp´1qdτ,
where we used (52) and the relation t´ ω1τ « t if τ P r0, t{2s. Thus, we may arrive at
}I3pt, ¨q}L2 À t
´ n
4σ
´ a
2σ
´j´1
ż t{2
0
p1` τq´
n
2σ
pp´1q`1dτ
À t´
n
4σ
´ a
2σ
´j´1
´
1` p1` tq´
n
2σ
pp´1q`2 ` logp1` tq
¯
À t´
n
4σ
´ a
2σ
´j´1p1` tq´ε`1 À t´
n
4σ
´ a
2σ
´j´ε (67)
as tÑ 8, with a sufficiently small positive number ε such that ´ n
2σ
pp ´ 1q ` 1 ă ´ε. Let us now
devote to the estimate for I4pt, xq. To do this, we shall divide our attention into two parts. In
particular, we write
I4pt, xq “
ż t{2
0
Bjt |D|
kσ
´ż
Rn
Gσpt, x´ yq|upτ, yq|
pdy ´
ż
Rn
Gσpt, xq|upτ, yq|
pdy
¯
dτ
“
ż t{2
0
ż
|y|ďt
1
4σ
Bjt |D|
kσ
`
Gσpt, x´ yq ´Gσpt, xq
˘
|upτ, yq|pdydτ
`
ż t{2
0
ż
|y|ět
1
4σ
Bjt |D|
kσ
`
Gσpt, x´ yq ´Gσpt, xq
˘
|upτ, yq|pdydτ “: I41pt, xq ` I42pt, xq.
For the first integral I41pt, xq, using the mean value theorem on x we derive
Gσpt, x´ yq ´Gσpt, xq “ ´y BxGσpt, x´ ω2yq
with a constant ω2 P r0, 1s. For this reason, we may conclude the following estimate:
}I41pt, ¨q}L2 À
››› ż t{2
0
ż
|y|ďt
1
4σ
p´yq Bjt |D|
kσ`1Gσpt, x´ ω2yq|upτ, yq|
pdydτ
›››
L2
À
ż t{2
0
ż
|y|ďt
1
4σ
|y|
››Bjt |D|kσ`1Gσpt, ¨q››L2 |upτ, yq|pdydτ
À t´
n
4σ
´ k
2
´j´ 1
2σ
ż t{2
0
ż
|y|ďt
1
4σ
|y| |upτ, yq|pdydτ
`
by p61q
˘
À t´
n
4σ
´ k
2
´j´ 1
2σ
ż t{2
0
t
1
4σ
››|upτ, ¨q|p››
L1
dτ
À t´
n
4σ
´ k
2
´j´ 1
4σ
ż t{2
0
p1` τq´
n
2σ
pp´1qdτ
`
by p52q
˘
À t´
n
4σ
´ k
2
´j´ 1
4σ . (68)
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In order to deal with the other interesting integral I42pt, xq, we notice that by (52) again it holdsż 8
0
ż
Rn
|upτ, yq|pdydτ “
ż 8
0
››|upτ, ¨q|p››
L1
dτ À
ż 8
0
p1` τq´
n
2σ
pp´1qdτ À 1.
As a result, this deduces immediately the relation
lim
tÑ8
ż 8
0
ż
|y|ět
1
4σ
|upτ, yq|pdydτ “ 0,
that is, there exist a sufficiently small positive ε such thatż 8
0
ż
|y|ět
1
4σ
|upτ, yq|pdydτ À t´ε,
as tÑ8. Therefore, by (61) we can estimate I42pt, xq in the following way:
}I42pt, ¨q}L2 ď 2
ż t{2
0
ż
|y|ět
1
4σ
››Bjt |D|kσGσpt, ¨q››L2 |upτ, yq|pdydτ
À t´
n
4σ
´ k
2
´j
ż t{2
0
ż
|y|ět
1
4σ
|upτ, yq|pdydτ À t´
n
4σ
´ k
2
´j´ε. (69)
From (68) and (69), we arrive at
}I42pt, ¨q}L2 À t
´ n
4σ
´ k
2
´j´ε. (70)
Finally, we need to control I5pt, xq to complete our proof. For this purpose, by (61) again we have
}I5pt, ¨q}L2 À
››Bjt |D|kσGσpt, ¨q››L2 ż 8
t{2
ż
Rn
|upτ, yq|pdydτ
À t´
n
4σ
´ a
2σ
´j
ż 8
t{2
››|upτ, ¨q|p››
L1
dτ À t´
n
4σ
´ a
2σ
´j
ż 8
t{2
p1` τq´
n
2σ
pp´1qdτ
À t´
n
4σ
´ a
2σ
´jp1` tq´
n
2σ
pp´1q`1 À t´
n
4σ
´ a
2σ
´j´ε (71)
as t Ñ 8 and ε is again chosen as a sufficiently small positive to guarantee ´ n
2σ
pp ´ 1q ` 1 ă
´ε. Consequently, combining (63) to (71) we may conclude (62). Summarizing, Theorem 1.4 is
proved. 
4. Blow-up result
In this section, our aim is to verify the critical exponent to (1). To state our result, we recall the
definition of the weak solution to (1) (see, for instance, [15]).
Definition 4.1. Let p ą 1 and T ą 0. We say that u P Lplocpr0, T q ˆ R
nq is a local weak solution
to (1) if for any test function φpt, xq P C80 pr0, T q ˆR
nq it holdsż T
0
ż
Rn
|upt, xq|pφpt, xqdxdt `
ż
Rn
u0pxq
`
φp0, xq ` p´∆qσφp0, xq ´ φtp0, xq
˘
dx`
ż
Rn
u1pxqφp0, xqdx
“
ż T
0
ż
Rn
upt, xq
`
φttpt, xq ´ p´∆q
σφtpt, xq ` p´∆q
σφpt, xq ´ φtpt, xq
˘
dxdt. (72)
If T “ 8, we say that u is a global weak solution to (1).
The main ideas of our proof of blow-up result are based on a contradiction argument by using
the test function method (see, for example, [4, 21]). Due to the fact that this method, in general,
cannot be directly applied to the fractional Laplacian operators p´∆qσ as well-known non-local
operators, the assumption for integer σ comes into play in our proof.
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Proof of Theorem 1.5. At first, let us introduce the test functions η “ ηptq and ϕ “ ϕpxq satisfying
the following properties:
1. η P C80 pr0,8qq and ηptq “
#
1 for 0 ď t ď 1{2,
0 for t ě 1,
2. ϕ P C80 pR
nq and ϕpxq “
#
1 for |x| ď 1{2,
0 for |x| ě 1,
3. η
´ p
1
p
`
|η1|p
1
` |η2|p
1˘
and ϕ
´ p
1
p |∆σϕ|p
1
are bounded, (73)
where p1 is the conjugate of p. In addtion, we suppose that ηptq is a decreasing function and that
ϕ “ ϕp|x|q is a radial function fulfilling ϕp|x|q ď ϕp|y|q for any |x| ě |y|.
Let R be a large parameter in r0,8q. We define the following test function:
φRpt, xq :“ ηRptqϕRpxq,
where ηRptq :“ ηpR
´2σtq and ϕRpxq :“ ϕpR
´1xq. Moreover, we define the funtional
IR :“
ż 8
0
ż
Rn
|upt, xq|pφRpt, xqdxdt “
ż
QR
|upt, xq|pφRpt, xqdpx, tq,
where
QR :“ r0, R
2σs ˆBR, BR :“
 
x P Rn : |x| ď R
(
.
Let us now assume that u “ upt, xq is a global (in time) energy solution to (1). Replacing φpt, xq “
φRpt, xq in (72) we arrive at
IR `
ż
BR
u1pxqϕRpxqdx
“
ż
QR
upt, xq
´
η2RptqϕRpxq ´ η
1
Rptqp´∆q
σϕRpxq ` ηRptqp´∆q
σϕRpxq ´ η
1
RptqϕRpxq
¯
dpx, tq. (74)
By applying Ho¨lder’s inequality with 1
p
` 1
p1
“ 1 we obtainż
QR
|upt, xq|
ˇˇ
η2RptqϕRpxq
ˇˇ
dpx, tq
ď
´ ż
QR
ˇˇˇ
upt, xqφ
1
p
Rpt, xq
ˇˇˇp
dpx, tq
¯ 1
p
´ż
QR
ˇˇˇ
φ
´ 1
p
R pt, xqη
2
RptqϕRpxq
ˇˇˇp1
dpx, tq
¯ 1
p1
ď I
1
p
R
´ ż
QR
η
´ p
1
p
R ptq
ˇˇ
η2Rptq
ˇˇp1
ϕRpxqdpx, tq
¯ 1
p1
.
Using the change of variables t˜ :“ R´2σt and x˜ :“ R´1x givesż
QR
|upt, xq|
ˇˇ
η2RptqϕRpxq
ˇˇ
dpx, tq À I
1
p
R R
´4σ`n`2σ
p1 . (75)
Here we notice that η2Rptq “ R
´4ση2pt˜q and the assumption (73) holds. In the analogous treament,
we also derive the following estimates:ż
QR
|upt, xq|
ˇˇ
η1Rptqp´∆q
σϕRpxq
ˇˇ
dpx, tq À I
1
p
R R
´4σ`n`2σ
p1 , (76)ż
QR
|upt, xq|
ˇˇ
ηRptqp´∆q
σϕRpxq
ˇˇ
dpx, tq À I
1
p
R R
´2σ`n`2σ
p1 , (77)ż
QR
|upt, xq|
ˇˇ
η1RptqϕRpxq
ˇˇ
dpx, tq À I
1
p
R R
´2σ`n`2σ
p1 , (78)
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where we used
η1Rptq “ R
´2ση1pt˜q and p´∆qσϕRpxq “ R
´2σp´∆qσϕpx˜q,
since σ is a integer. Due to the assumption (18), there exists a constant R0 ą 0 such that it holdsż
BR
u1pxqϕRpxqdx ą 0, (79)
for any R ą R0. As a result, from (74) to (79) we may conclude the following estimate:
IR À I
1
p
R R
´2σ`n`2σ
p1 ,
this is,
I
1
p1
R À R
´2σ`n`α
p1 . (80)
It is obvious to see that the assumption (19) is re-written in the equivalent form as follows:
´2σ `
n` α
p1
ď 0.
Hence, it is reasonable to separate our consideration into two subcases. Taking account of the first
subcase ´2σ ` n`α
p1
ă 0, we let RÑ8 in (80) to getż 8
0
ż
Rn
|upt, xq|pdxdt “ 0,
which implies immediately u ” 0. This is a contradiction to the assumption (18). Let us now
devote our attention to the second subcase ´2σ ` n`α
p1
“ 0. By (80) it follows
IR “
ż
QR
|upt, xq|pφRpt, xqdpx, tq ď C,
for a sufficiently large R and a suitable positive constant C. For this reason, we deriveż
Q˜R
|upt, xq|pφRpt, xqdpx, tq Ñ 0 as RÑ8, (81)
where we introduce notations
Q˜R :“ QRz
`
r0, R2σ{2s ˆBR{2
˘
, BR{2 :“
 
x P Rn : 0 ď |x| ď R{2
(
.
Because of B2t φRpt, xq “ BtφRpt, xq “ p´∆q
σBtφRpt, xq “ p´∆q
σφRpt, xq “ 0 in pR
1
` ˆ R
nqzQ˜R, we
repeat the steps of the proofs from (74) to (78) to arrive at the following estimate:
IR `
ż
BR
u1pxqϕRpxqdx À
´ż
Q˜R
|upt, xq|pφRpt, xqdpx, tq
¯ 1
p
R
´2σ`n`2σ
p1 .
Due to ´2σ ` n`α
p1
“ 0, from the above estimate and (79) we obtain
IR ă IR `
ż
BR
u1pxqϕRpxqdx À
´ż
Q˜R
|upt, xq|pφRpt, xqdpx, tq
¯ 1
p
, (82)
for any R ą R0. By combining (81) and (82), we let RÑ 8 to concludeż 8
0
ż
Rn
|upt, xq|pdxdt “ 0,
which is again a contradiction to the assumption (18). Summarizing, Theorem 1.5 is proved. 
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Remark 4.1. Here we want to emphasize that for all small positive constants ε the lifespan Tε of
the solution to the given data p0, εu1q in Theorem 1.5 can be estimated as follows:
Tε ď C ε
´ 2σpp´1q
2σ´npp´1q with C ą 0. (83)
Indeed, let us now consider the case of subcritical exponents. We suppose that u “ upt, xq is a local
(in time) energy solution to (1) in pr0, T q ˆRnq. To varify the lifespan estimate, we take the initial
data p0, εu1q in place of p0, u1q with a small positive constant ε where u1 P L1 X L2 satisfies the
assumption (18). In the same way as we did in the steps of the proof of Theorem 1.5, we obtain
the following estimte:
IR ` cε ď C I
1
p
R R
´2σ`n`2σ
p1 . (84)
Here we notice that due to the assumption (18), we choose a suitable constant c such that it holdsż
BR
u1pxqϕRpxqdx ą c ą 0
for any R ą R0. From (84) we arrive at
cε ď C I
1
p
R R
´2σ`n`2σ
p1 ´ IR. (85)
By the aid of the elementary inequality
Ayγ ´ y ď A
1
1´γ for any A ą 0, y ě 0 and 0 ă γ ă 1,
a straightforward computation gives from (85)
ε ď C R´2σp
1`n`2σ “ C T´
2σp1´n´2σ
2σ “ C T
´ 2σ´npp´1q
2σpp´1q ,
with R “ T
1
2σ . Summarizing, letting T Ñ Tε ´ 0 we may conclude (83).
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Appendix A
A.1. Fractional Gagliardo-Nirenberg inequality
Proposition 4.1. Let 1 ă p, p0, p1 ă 8, σ ą 0 and s P r0, σq. Then, it holds the following
fractional Gagliardo-Nirenberg inequality for all u P Lp0 X 9Hσp1:
}u} 9Hsp
À }u}1´θLp0 }u}
θ
9Hσp1
,
where θ “ θs,σpp, p0, p1q “
1
p0
´ 1
p
` s
n
1
p0
´ 1
p1
`σ
n
and s
σ
ď θ ď 1 .
For the proof one can see [11].
A.2. Modified Bessel functions
Proposition 4.2. Let f P LppRnq, p P r1, 2s, be a radial function. Then, the Fourier transform
F pfq is also a radial function and it satisfies
F pfqpξq “ c
ż 8
0
gprqrn´1J˜n
2
´1pr|ξ|qdr, gp|x|q :“ fpxq,
where J˜µpsq :“
Jµpsq
sµ
is called the modified Bessel function with the Bessel function Jµpsq and a
non-negative integer µ.
Proposition 4.3. The following properties of the modified Bessel function hold:
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(1) s dsJ˜µpsq “ J˜µ´1psq ´ 2µJ˜µpsq,
(2) dsJ˜µpsq “ ´sJ˜µ`1psq,
(3) J˜´ 1
2
psq “
b
2
π
cos s and J˜ 1
2
psq “
b
2
π
sin s
s
,
(4) |J˜µpsq| ď Ce
π|Imµ| if s ď 1,
and J˜µpsq “ Cs
´ 1
2 cos
`
s´ µ
2
π ´ π
4
˘
`Op|s|´
3
2 q if |s| ě 1,
(5) J˜µ`1pr|x|q “ ´
1
r|x|2
BrJ˜µpr|x|q, r ‰ 0, x ‰ 0.
A.3. Useful lemmas
Lemma 4.1. Let n ě 1, c ą 0, α ą 0 and β P R satisfy n ` β ą 0. The following estimates hold
for t ą 0: ż
|ξ|ď1
|ξ|βe´c|ξ|
αtdξ À p1` tq´
n`β
α and
ż
|ξ|ě1
|ξ|βe´c|ξ|
αtdξ À t´
n`β
α .
Proof. In order to prove the first desired estimate, we shall split our consideration into two cases.
In the first case t P p0, 1s, we get immediately the following estimate:ż
|ξ|ď1
|ξ|βe´c|ξ|
αtdξ À
ż 1
0
|ξ|n`β´1e´c|ξ|
αtd|ξ| À 1.
For the second case t P r1,8q, we carry out the change of variables ξαt “ ηα, that is, ξ “ t´
1
α η to
dervie ż
|ξ|ď1
|ξ|βe´c|ξ|
αtdξ À t´
n`β
α
ż 8
0
|η|n`β´1e´c|η|
α
d|η| À t´
n`β
α .
Hence, from the above two estimates we can conclude the desired statement. In the same treatment
we can prove the second estimate. This completes our proof. 
Lemma 4.2 ([13], [17]). Let n ě 1 and f P L1,γpRnq with γ ě 0.
(i) It holds that ˇˇˇˇ
fˆpξq ´
ÿ
|α|ďrγs
Mαpfqpiξq
α
ˇˇˇˇ
À |ξ|γ}f}L1,γ (86)
for ξ P Rn.
(ii) It is true that
lim
tÑ8
t
n
4σ
` γ
2σ
››››e´t|ξ|2σ fˆpξq ´ ÿ
|α|ďrγs
Mαpfqpiξq
αe´t|ξ|
2σ
››››
L2
“ 0. (87)
The proof of inequality (86) was given in [13] and [17]. With a slight modification, we can also
obtain (87) and thus the proof is omitted.
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